This article considers an F q -conic contained in an F q -subplane of PG(2, q 3 ), and shows that it corresponds to a normal rational curve in the Bruck-Bose representation in PG(6, q). This article then characterises which normal rational curves of PG(6, q) correspond via the Bruck-Bose representation to F q -conics of PG(2, q 3 ). The normal rational curves of interest are called 3-special, which relates to how the extension of the normal rational curve meets the transversal lines of the regular 2-spread of the Bruck-Bose representation. This article uses geometric arguments that exploit the interaction between the Bruck-Bose representation of PG(2, q 3 ) in PG(6, q), and the Bose representation of PG(2, q 3 ) in PG(8, q).
Introduction
This article characterised the representation of F q -conics of PG (2, q 3 ) in the Bruck-Bose PG(6, q) representation. The main result is Theorem 6.6 which shows that the F q -conics of PG (2, q 3 ) correspond precisely to the 3-special normal rational curves in PG(6, q) (the notion of 3-special is defined in Section 5). We prove this using geometric arguments that exploit the interaction between the Bruck-Bose representation in PG (6, q) , and the Bose representation in PG (8, q) .
The article is set out as follows. We look at PG(2, q 3 ) using several different models, and we need detailed notation to differentiate these. We define our notation in Section 2, and summarise in Section 2.10 for easy reference. Section 3 begins with some preliminaries on F q -conics. Result 3.2 outlines eleven different cases for an F q -conic, depending on how it meets ℓ ∞ , and how its F q -subplane meets ℓ ∞ . The main result of Section 3 is Theorem 3.4, which uses the interplay between the Bose representation and the Bruck-Bose representation to show that an F q -conic of PG (2, q 3 ) corresponds in the 'exact-at-infinity' Bruck-Bose representation in PG(6, q) to a k-dim nrc and a linear component at infinity.
In Section 4, we describe this normal rational curve and linear component in detail for the eleven cases outlined. Using the traditional convention for the Bruck-Bose representation, we ignore the linear component at infinity, and deduce that every F q -conic of PG (2, q 3 ) corresponds to a normal rational curve of PG(6, q). The eleven cases can then be boiled down to three cases: an F q -conic in an F q -subplane secant to ℓ ∞ corresponds to a non-degenerate conic; an F q -conic in an F q -subplane secant to ℓ ∞ corresponds to either a 4-dimensional or 6-dimensional normal rational curve; an F q -conic in an F q -subplane secant to ℓ ∞ corresponds to either a 3-dimensional or 6-dimensional normal rational curve. In each case, we determine the relationship between the normal rational curve and the transversal lines of the regular 2-spread of the Bruck-Bose representation.
We then consider the converse, and determine which normal rational curves of PG(6, q) correspond via the Bruck-Bose representation to F q -conics of PG(2, q 3 ). In Section 5, we define a 3-special normal rational curve of PG(6, q) in terms of how a normal rational curve meets the transversal lines of the regular 2-spread of the Bruck-Bose representation.
In Section 6 we prove the main characterisation, that a normal rational curve of PG(6, q) corresponds to an F q -conic of PG(2, q 3 ) if and only if it is 3-special. We conclude in Section 7 with a discussion of the general case.
Preliminaries
An r-dimensional normal rational curve in PG(n, q), q ≥ r, is a set of points lying in an r-space which is projectively equivalent to the set {(1, θ, . . . , θ r−1 ) | θ ∈ F q } ∪ {(0, . . . , 0, 1)}, see [17] . We abbreviate this to an r-dim nrc. We will repeatedly use the geometrical property that an r-dim nrc N r is a set of q + 1 points in an r-space, such that no t + 2 points of N r lie in a t-space, t = 1, . . . , r − 1.
Conjugacy with respect to an F q -subplane
Let F q denote the finite field of prime power order q. An F q -subplane of PG(2, q 3 ) is a subplane of PG (2, q 3 ) which has order q, that is, a subplane which is isomorphic to PG(2, q). An F qsubline is a line of an F q -subplane, that is, isomorphic to PG(1, q). We will define conjugacy with respect to an F q -subplane or F q -subline.
Letπ be an F q -subplane of PG(2, q 3 ). Acting on the points of PG(2, q 3 ) is a unique collineation groupḠ π ⊆ PΓL (3, q 3 ) which fixesπ pointwise and has order 3. We need to distinguish between the two non-identity maps inḠ π , and as discussed in [10] , we can without loss of generality writeḠ π = c π with 
with B a 3 × 3 non-singular matrix over F q 3 . ForX ∈ PG(2, q 3 )\π, the three pointsX,Xc 3 ) to PG(2, q 6 ), and the collineationc π ∈ PΓL(3, q 3 ) has a natural extension to a collineation of PΓL(3, q 6 ) acting on points of PG(2, q 6 ); we use the same notationc π for this (extended) collineation. The collineationc π has order 3 when acting on PG(2, q 3 ), and order 6 when acting on PG(2, q 6 ). Under the collineationc π , a pointX ∈ PG(2, q 6 ) lies in an orbit of size: 1 ifX ∈π; 3 ifX ∈ PG(2, q 3 )\π; 2 or 6 ifX ∈ PG(2, q 6 )\PG(2, q 3 ).
Similarly, ifb is an F q -subline of a linel b of PG(2, q 3 ), then acting on the points ofl b is a unique collineation groupḠ b ⊆ PΓL(2, with D a non-singular matrix over F q 3 .
Carrier points
An F q -subplane exterior to a line ℓ determines two carrier points on ℓ as follows. Consider the collineation groupḠ = PGL (3, q 3 ) acting on PG(2, q 3 ). LetḠ π,ℓ be the subgroup ofḠ fixing an F q -subplaneπ, and a linel exterior toπ. ThenḠ π,ℓ is cyclic of order q 2 + q + 1, acts regularly on the points and on the lines ofπ, and fixes exactly three points of PG(2, q 3 ), called the (π,l)-carriers ofπ, two of which lie onl, see [5, Theorem 3.1] . That is, the (π,l)-carriers are the three fixed pointsl ∩lc π ,l ∩lc 
Variety-extensions
A variety in PG(n, q) has a natural extension to a variety in the cubic extension PG(n, q 3 ) and to a variety in PG(n, q 6 ) (a sextic extension of PG(n, q), and a quadratic extension of PG(n, q 3 )). If K is variety of PG(n, q), then K is the set of points of PG(n, q) satisfying a set of k homogeneous F q -equations F = {f i (x 0 , . . . , x n ) = 0, i = 1, . . . , k}. We define the varietyextension of K to PG(n, q 3 ), denoted K ✩ , to be the variety consisting of the set of points of PG(n, q 3 ) that satisfy the same set F of homogeneous equations as K. Similarly, we can define the variety-extension of K to PG(n, q 6 ), denoted K ★ . So if Π r is an r-dimensional subspace of PG(n, q), then Π ✩ r is the natural extension to an r-dimensional subspace of PG(n, q 3 ), and Π ★ r is the extension to PG(n, q 6 ). Moreover, if Σ r is an r-dimensional subspace of PG(n, q 3 ) (possibly disjoint from PG(n, q)), then Σ ★ r denotes the extension to PG(n, q 6 ). In this article we use the ✩ and ★ notation for varieties in the Bruck-Bose and Bose representations, that is, when n = 5, 6, 8. We do not use the ✩ , ★ notation in PG(2, q 3 ).
Regular 2-spreads
We will work with the Desarguesian plane PG(2, q 3 ), and both the Bruck-Bose and Bose representations, so we work with 2-spreads of PG(5, q) and PG(8, q) respectively. A 2-spread of PG(n, q), n = 3s + 2, is a set of planes that partition the points of PG(n, q). We use the following construction of a regular 2-spread of PG(3s + 2, q), see [14] . Embed PG(3s + 2, q) in PG(3s + 2, q 3 ) and consider the automorphic collineation in PΓL(3s + 3, q 3 ) of order 3 that fixes PG(3s + 2, q) pointwise,
Let Π be an s-space in PG(3s+2, q 3 ) which is disjoint from PG(3s+2, q), such that Π, Π q , Π q 2 span PG(3s+2, q 3 ). For a point X ∈ Π, the plane X, X q , X q 2 meets PG(3s+2, q) in a plane. The planes X, X q , X q 2 ∩PG(3s+2, q) for X ∈ Π form a regular 2-spread of PG(3s+2, q). The s-spaces Π, Π q and Π q 2 are called the three transversal spaces of the spread. Conversely, any regular 2-spread of PG(3s+2, q) has a unique set of three transversal s-spaces in PG(3s+2, q 3 ), and can be constructed in this way, see [14, Theorem 6 .1].
The Bruck-Bose representation of
We use the linear representation of a finite translation plane P of dimension at most three over its kernel, an idea which was developed independently by André [1] and Bruck and Bose [12, 13] . We will use the vector space construction as developed by Bruck and Bose. Let Σ ∞ be a hyperplane of PG(6, q) and let S be a regular 2-spread of Σ ∞ . We use the phrase a subspace of PG(6, q)\Σ ∞ to mean a subspace of PG(6, q) that is not contained in Σ ∞ . Consider the following incidence structure I BB . The points of I BB are the points of PG(6, q)\Σ ∞ and the planes of the regular 2-spread S. The lines of I BB are the 3-spaces of PG(6, q)\Σ ∞ that contain an element of S and the line at infinity corresponding to the set of planes of S. Incidence in I BB is induced by incidence in PG(6, q). Then the incidence structure I BB ∼ = PG(2, q 3 ).
Throughout this article, we let S denote a regular 2-spread of Σ ∞ ∼ = PG(5, q). . Similar to the PG(4, q) case, see [9] , the transversal lines of the regular 2-spread S play an important role in characterising varieties of PG(2, q 3 ).
IfK is a set of points in PG(2, q 3 ), then we denote the corresponding set of points in the BruckBose representation by [K] . So ifP ∈ PG(2, q 3 )\ℓ ∞ , then [P ] is a point in PG(6, q)\Σ ∞ . If P ∈ ℓ ∞ , then [P ] is plane of the 2-spread S in Σ ∞ ∼ = PG(5, q). Further, in the extension to PG(5, q 3 ), the plane [P ] ✩ meets the transversal g in a point
The representation of F q -subplanes of PG(2, q 3 ) exterior to ℓ ∞ was investigated in [5, 6, 7] . The representations of F q -sublines, and tangent and secant F q -subplanes of PG(2, q 3 ) in PG(6, q) were determined in [3, 4] . We repeatedly use the following two cases.
Result 2.1 [3, 4] Consider the Bruck-Bose representation of PG(2, q 3 ) in PG(6, q).
1. An F q -subline of PG(2, q 3 ) that meets ℓ ∞ in a pointT corresponds to a line of PG(6, q)\Σ ∞ meeting the spread plane [T ].
2. An F q -subplaneπ of PG(2, q 3 ) secant to ℓ ∞ corresponds to a plane of PG(6, q)\Σ ∞ that meets each plane of the 2-regulus of S corresponding to the F q -sublineπ ∩ ℓ ∞ .
Moreover, the converse of each of these correspondences holds.
2.6
The exact-at-infinity Bruck-Bose representation Remark 2.2 As per our usual convention for the Bruck-Bose representation, the correspondences in Result 2.1 are not necessarily exact at infinity. In particular, the correspondences given in Result 2.1 are not exact at infinity. For example, we can restate Result 2.1(2) to be exact at infinity as follows. We distinguish between this and the usual convention by including the phrase "the exact-at-infinity Bruck-Bose representation in PG(6, q)".
Result 2.3
Letπ be an F q -subplane of PG(2, q 3 ) secant to ℓ ∞ . In the exact-at-infinity BruckBose representation in PG(6, q), [π] consists of the 2-regulus R of S that corresponds to the F q -sublineb =π ∩ ℓ ∞ , together with a plane α of PG(6, q)\Σ ∞ that meets each plane of R in a point.
The Bose representation of
Bose [11] gave a construction to represent PG(2, q 2 ) using a regular 1-spread in PG(5, q). This construction has been generalised using the technique of field reduction, see [18] . We consider the Bose representation of PG(2, q 3 ) using a regular 2-spread in PG (8, q) . Let S be a regular 2-spread in PG (8, q) . Let I Bose be the incidence structure with points the q 6 + q 3 + 1 planes of S; lines the 5-spaces of PG(8, q) that meet S in q 3 + 1 planes; and incidence is inclusion. The 5-spaces of PG(8, q) that meet S in q 3 + 1 planes form a dual spread H (that is, each 7-space of PG(8, q) contains a unique 5-space in H). Then I Bose ∼ = PG(2, q 3 ), and this representation is called the Bose representation of PG(2, q 3 ) in PG(8, q). The regular 2-spread S has three conjugate transversal planes which we denote throughout this article by Γ, Γ q , Γ q 2 . Note that
We use the following notation. A pointX in PG(2, q 3 ) has Bose representation the plane of S denoted by X . Further,X corresponds to a unique point of Γ denoted X, where X ✩ ∩ Γ = X and X ✩ = X, X q , X q 2 . More generally, ifK is a set of points of PG(2, q 3 ), then K = { X |X ∈K} denotes the corresponding set of planes in the Bose representation in PG(8, q), and K = { X ✩ ∩ Γ |X ∈K} denotes the corresponding set of points of Γ.
So we have the following correspondences:
F q -substructures in the Bose representation
In [18] , the Bose representation of F q -sublines and F q -subplanes of PG(2, q 3 ) are determined, and in [10] , the Bose representation of conics and F q -conics of PG(2, q 3 ) are determined. Further, [10] gives a geometric description of the variety-extensions of the corresponding varieties of PG(8, q) to PG (8, q 3 ) and PG(8, q 6 ). We briefly summarise in order to establish the notation.
In PG(2, q 3 ), letπ be an F q -subplane andb an F q -subline of the linel b . Definec π andc b as in (1) respectively. In PG(6, q 6 ), we define the π-scroll-plane of a point X in Γ ★ to be the plane
which lies in the 5-space
★ . We quote the F q -conic result which we will need here.
Result 2.4 [10] LetC be an F q -conic in the F q -subplaneπ of PG(2, q 3 ). In PG(8, q), the planes of C form a variety V( C ) = V 6 3 which is the intersection of nine quadrics. In PG (8, q 3 ), the points of the variety V( C ) ✩ coincide with the points on the planes { X π | X ∈ C + + + }; and in PG(8, q 6 ), the points of the variety V( C ) ★ coincide with the points on the planes { X π | X ∈ C ++ }.
The Bruck-Bose representation inside the Bose representation
We can construct the Bruck-Bose representation of PG(2, q 3 ) by intersecting a 6-space with the Bose representation of PG(2, q 3 ) in PG(8, q) as follows. Let Σ 6,q be a 6-space of PG(8, q) that contains a unique 5-space of the dual spread H, we denote this 5-space by Σ ∞ . The extension of Σ 6,q to PG (8, q 3 ) meets the transversal plane Γ in a line g. Further, g, g q , g q 2 ∩ PG(8, q) = Σ ∞ ∼ = PG(5, q). The intersection of the Bose representation with Σ 6,q gives the Bruck-Bose representation of PG (2, q 3 ) in the 6-space Σ 6,q . That is, I BB = I Bose ∩ Σ 6,q . In particular the 2-spread S of the Bruck-Bose representation is contained in the 2-spread S of the Bose setting, that is S = S ∩ Σ ∞ .
Note that when considering the Bruck-Bose representation as I BB = I Bose ∩ Σ 6,q , we obtain a representation which is exact on Σ ∞ , that is, the "exact-at-infinity Bruck-Bose representation in PG(6, q)" described in Section 2.6.
Notation summary
• In PG(2, q 3 ) · Objects in PG(2, q 3 ) are indicated with an overline¯. ·C denotes an F q -conic in PG(2, q 3 ), andC + + + denotes the unique F q 3 -conic in PG(2, q 3 ) containingC. · For an F q -subplaneπ contained in PG(2, q 3 ),c π :X → BX q (defined in (1)) generates the unique collineation subgroup of order 3 acting on PG(2, q 3 ) which fixesπ pointwise. · For an F q -sublineb contained in a linel b of PG(2, q 3 ),c b :X → DX q (defined in (2)) generates the unique collineation subgroup of order 3 acting onl b , which fixes b pointwise. · We can extend PG(2, q 3 ) to PG(2, q 6 ), and let ℓ ++ ∞ denote the quadratic extension of ℓ ∞ , andC ++ denote the unique F q 6 -conic containingC + + + .
• In PG(n, q), n > 2 · N r denotes an r-dim nrc. · For a variety K in PG(n, q), denote the extension to PG(n, q 3 ) by K ✩ , and the extension to PG(n, q 6 ) by
. · e denotes the conjugate map associated with the square extension from PG(n, r)
to PG(n, r 2 ), that is,
3 ) corresponds to a point P in the transversal plane Γ, and to a plane P of S, where P = P, P q , P q 2 ∩ PG(8, q).
• In I BB · S is a regular 2-spread in the 5-space at infinity Σ ∞ . · S has transversal lines denoted g, g q , g q 2 in PG(5, q 3 ). · For a pointX ∈ PG(2, q 3 )\ℓ ∞ , we denote corresponding point of PG(6, q)\Σ ∞ by [X] . · IfX ∈ ℓ ∞ , then we denote the corresponding point on g by X and the corresponding spread plane by
,q meets the transversal plane Γ of S in the transversal line g of S. · For a pointX ∈ PG(2, q 3 ), we have [X] = X ∩ Σ 6,q .
Preliminaries

F q -conics
We define an F q 3 -conic in PG(2, q 3 ) to be a non-degenerate conic of PG(2, q 3 ). We define an F q -conic of PG(2, q 3 ) to be a non-degenerate conic of an F q -subplane of PG(2, q 3 ). That is, an F q -conic is projectively equivalent to a set of points in PG(2, q) that satisfy a non-degenerate homogeneous quadratic equation over F q .
LetC be an F q -conic in the F q -subplaneπ, letC + + + be the unique F q 3 -conic of PG(2, q 3 ) containingC, and letC ++ denote the unique F q 6 -conic in the quadratic extension PG(2, q 6 ) that containsC + + + . Letc π be defined as in (1), the following useful property is straightforward to verify.
There are nine possible settings for an F q -conic of PG(2, q 3 ), depending on whether π is secant, tangent, or exterior to ℓ ∞ ; and whether C + + + is secant, tangent, or exterior to ℓ ∞ . This generates the eleven cases described in the next result; the proof of which is straightforward and is omitted.
Result 3.2 In P G(2, q
3 ), let ℓ ∞ denote the line at infinity. Letπ be an F q -subplane and let c π be the collineation which fixesπ pointwise as defined in (1) . LetC be an F q -conic inπ, let C + + + be the unique F q 3 -conic of PG(2, q 3 ) containingC, and in the extension to PG(2, q 6 ), let C ++ be the unique F q 6 -conic of PG(2, q 6 ) that containsC + + + . Let ℓ ++ ∞ denote the extension of ℓ ∞ to PG(2, q 6 ).
• Supposeπ is secant to ℓ ∞ , then either
• Supposeπ is tangent to ℓ ∞ , withT =π ∩ ℓ ∞ . Then either
[T1]C + + + is secant to ℓ ∞ :T ∈C, in which caseC
If q is even, thenT is the nucleus ofC. The pointP has orbit size 3 underc π , andPc
π ,P has orbit size 6 underc π , andP ,Pc
Remark There are q 2 + q + 1 F q -conics of the type described in [E1], forming a circumscribed bundle of conics of π. There are q 2 + q + 1 F q -conics of the type described in [E3], forming an inscribed bundle of conics of π.
T-planes
We begin with a lemma describing how a π-scroll plane (defined in Section 2.8) meets a 5-space. In PG(8, q
3 ), let Γ, Γ q , Γ q 2 be the transversal planes of the Bose spread S. We use the following terminology in PG(8, q
3 ).
• A T-point is a point which lies in one of the transversal planes Γ, Γ q , Γ q 2 .
• A T-line is a line which meets two of the transversal planes.
• A T-plane is a plane that meets all three of the transversal planes.
Similarly, we can define T-points, T-lines and T-planes in the quadratic extension PG(8, q 6 ) in terms of the extended transversal planes.
Lemma 3.3
In the Bose setting, let Γ be a transversal plane of the Bose spread S. Let g be a line of Γ, let π be an F q -subplane of Γ, and consider the 5-space Π g = g, g q , g q 2 ∩ PG(8, q).
Proof Let g be a line of Γ, and denote the 5-space g, g q , g q 2 ∩ PG(8, q) by Π g . Note that the lines g, g q , g q 2 are transversal lines of a regular 2-spread S of Π g , where S = S ∩ Π g . In Π ✩ g : a T-point is a point of one of the transversal lines g, g q , g q 2 ; a T-line is a line which meets two of g, g q , g q 2 ; and a T-plane is a plane that meets all three of g, g q , g . Note that α = X π and α is also a T-plane. That is, K lies on two distinct T-planes, contradicting [10, Lemma 3.3] . This completes the proof of part 1, the proof of part 2 is similar.
A first description of [C]
We will determine the representation of an F q -conic of PG(2, q 3 ) in the exact-at-infinity BruckBose representation in PG(6, q). Fundamental to determining this structure is the interplay between the Bose representation I Bose in PG(8, q) and the Bruck-Bose representation I BB in PG(6, q) considered as I BB = I Bose ∩ Σ 6,q . Using Result 2.4 we first prove the following coarse description in the exact-at-infinity Bruck-Bose representation. Recall that affine points of PG(6, q) are the points in PG(6, q)\Σ ∞ .
Theorem 3.4 LetC be an F q -conic in PG(2, q 3 ). In the exact-at-infinity Bruck-Bose representation in PG(6, q), the pointset of [C] forms a variety V([C]) which, for some 2 ≤ k ≤ 6, decomposes into a k-dim nrc containing at least q − 1 affine points, and some lines and planes contained in Σ ∞ or an extension, such that the dimensions of the linear subspaces at infinity sum to 6 − k.
Proof LetC be an F q -conic in PG(2, q 3 ). In PG(2, q 3 ), the affine part ofC contains t points for some q − 1 ≤ t ≤ q + 1. Hence in PG(6, q), the affine part of V([C]) (that is, the set of points of V([C]) that do not lie in Σ ∞ ) also contains t points. In the Bose representation in PG(8, q), C is a set of q + 1 planes which span PG(8, q). Let Σ 6,q be a 6-space whose extension meets Γ in the line g. So in the Bruck-Bose setting I BB = I Bose ∩ Σ 6,q , we have hyperplane at infinity Σ ∞ = g, g q , g q 2 ∩ PG(8, q). By Lemma 3.3, a plane in C meets Σ ∞ in either a line or a plane. That is, [C] = C ∩ Σ 6,q meets Σ ∞ in a lines and b planes for some integers a, b ≥ 0. As the planes of C span PG(8, q), the set [C] spans Σ 6,q .
By Result 2.4, the pointset of C forms a variety V( C ) = V 6 3 of dimension 3 and order 6. Following [20] , the variety V( C ) = V is an k-dim nrc. AsC contains q −1 ≤ t ≤ q +1 affine points, no three collinear, V k 1 contains t affine points, no three collinear, so is not contained in a line. That is, we have k ≥ 2.
We wish to study this curve V([C]) in more detail, in particular determining how it meets Σ ∞ , and so we need to look at the extension of the curve V([C]). By extending the argument in the above proof (using the Bose representation) it follows that the decomposition of V([C]) into a k-dim nrc and a linear component at infinity is preserved when looking at the extension to PG(6, q 3 ) and PG(6, q 6 ).
,q decomposes into a k-dim nrc N k together with some lines and planes contained in Σ ∞ or an extension, such that the dimensions of the linear subspaces sum to 6 − k. In PG(8,
k together with some lines and planes contained in Σ ∞ or an extension, such that the dimensions of the linear subspaces sum to 6 − k. In
k together with some lines and planes contained in Σ ∞ or an extension, such that the dimensions of the linear subspaces sum to 6 − k.
Transversals
The next result determines how the exact-at-infinity Bruck-Bose representation of an F q -conic C meets the transversal lines g, g q , g q 2 of the regular 2-spread S. Note that the variety V([C]) ✩ may well contain planes or lines in Σ ✩ ∞ , and these may account for the intersections with g described in the next theorem. Theorem 3.6 Let S be a regular 2-spread in the hyperplane at infinity Σ ∞ of PG(6, q), with transversal lines denoted g, g q , g q 2 . LetC be an F q -conic of PG(2, q 3 ), then in the exact-at-
Proof LetC be an F q -conic of PG(2, q 3 ), in the Bose representation we have from Result 2.4 that
We interpret this in the Bruck-Bose representation. Let g be a line of Γ, and Σ 6,q a 6-space whose extension contains the 5-space g, g q , g q 2 . By Corollary 3.5,
,q , and intersecting with g yields
Intersecting both sides of (3) with g, and equating gives
We next describe which π-scroll planes of V( C ) meet the 5-space at infinity.
3 be the variety of PG(8, q) whose pointset corresponds to the pointset of C . Let g be a line of Γ and consider the 5-space Π g = g, g q , g q 2 ∩ PG(8, q).
, so we are looking for points X ∈ C + + + for which
Hence we want points X ∈ C + + + for which at least one of the points X, (X 
and only if at least one of X, X cπ , X c 2 π lies in C + + + ∩ g, proving part 1. The case in PG(8, q 6 ) is similar.
F q -conics in the exact-at-infinity Bruck-Bose representation
We now determine in more detail the structure of the variety V([C]) in the exact-at-infinity Bruck-Bose representation. We look at the three cases of an F q -subplane tangent, secant, and exterior to ℓ ∞ separately.
4.1 F q -conics in an F q -subplane secant to ℓ ∞ Letπ be an F q -subplane of PG(2, q 3 ) that is secant to ℓ ∞ . Sob =π ∩ ℓ ∞ is an F q -subline. Recall the b-scroll plane of a point was defined in the Bose representation in Section 2.8. Asb is an F q -subline of ℓ ∞ , we can similarly define the b-scroll plane in the Bruck-Bose representation. In the Bruck-Bose setting, the b-scroll plane of a point
Theorem 4.1 LetC be an F q -conic in a secant F q -subplaneπ of PG(2, q 3 ). In the exactat-infinity Bruck-Bose representation in PG(6, q), the curve V([C]) decomposes into a nondegenerate conic N 2 (which lies in a plane of PG(6, q)\Σ ∞ that meets q + 1 spread planes), together with two planes in Σ ∞ (possibly repeated, possibly in the extension Σ ★ ∞ \Σ ∞ ).
Proof LetC be an F q -conic in a secant F q -subplaneπ of PG(2, q 3 ). By Result 2.3, in the exact-at-infinity Bruck-Bose representation in PG(6, q), [π] consists of a plane α and the regulus of S which α meets. Moreover π and α are in 1-1 correspondence. So corresponding toC is a non-degenerate conic N 2 in α. So the variety V([C]) contains the conic N 2 . We show that the remainder of the variety consists of two planes at infinity. There are two cases to consider, depending on howC meets ℓ ∞ . We label the cases to be consistent with Result 3.2. 
) at infinity, we work in the Bose representation. In PG(8, q
3 ): ℓ ∞ corresponds to a line of Γ denoted by g; π is an F q -subplane of Γ that meets g in an F q -subline; C is an F q -conic in π; C + + + ∩ g = ∅; and We now look at the Bruck-Bose setting, let Σ 6,q be a 6-space of PG(8, q) that contains the 5-space Σ ∞ = g, g q , g q 2 ∩ PG(8, q), and use the setting I BB = I Bose ∩ Σ 6,q . We wish to find
. By Lemma 3.7, this intersection is contained in the π-scroll planes X π of PG(8, q 6 ) for which X
That is, the intersection is contained in the two π-scroll planes P π and Q π . We look at how these two π-scroll planes meet Σ
That is, the variety V([C]) decomposes into N 2 and two planes at infinity, namely P b , Q b .
We determine full details on how the Bruck-Bose representation of an F q -conic in a secant F q -subplane meets Σ ∞ .
Corollary 4.2 LetC be an F q -conic in a secant F q -subplaneπ of PG(2, q 3 ), and supposē C + + + meets ℓ ∞ in the two points {P ,Q} (possibly repeating or in an extension). In the exactat-infinity Bruck-Bose representation in PG(6, q), V([C]) decomposes into a non-degenerate conic N 2 (which lies in a plane of PG(6, q)\Σ ∞ that meets q + 1 spread planes), together with two planes at infinity. Further, we have the following.
★ contains the two planes P b and 
, and the points K, L are conjugate with respect to the quadratic extension of PG(5, q 3 ) to PG(5,
Suppose K lies on a T-line ℓ, and without loss of generality, suppose ℓ = XY q for some
As Y q 3 ∈ g ★ , the plane K, g contains ℓ and ℓ q 2 , so meets g ★ q and g ★ q 2 , contradicting g, g q , g q 2 spanning 5-space.
4.2 F q -conics in an F q -subplane tangent to ℓ ∞ Next we look at an F q -conic in a tangent F q -subplane of PG(2, q 3 ).
Theorem 4.3 LetC be an F q -conic in a tangent F q -subplaneπ of PG(2, q 3 ). Then in the exact-at-infinity Bruck-Bose representation in PG(6, q), the points of [C] form either a 6-dim nrc N 6 , or a 4-dim nrc N 4 and a spread plane.
Proof LetC be an F q -conic in a tangent F q -subplaneπ of PG(2, q 3 ), and letT =π ∩ ℓ ∞ . We work in the Bose representation, so Γ is a transversal plane of the Bose spread S; the line at infinity ℓ ∞ corresponds to a line g of Γ; and in Γ, C is an F q -conic in an F q -subplane π, with T = π ∩ g. Let c π be as defined in (1), so c π fixes the points of π, has order 3 acting on the points of Γ, and has order 6 when acting on the points of the quadratic extension Γ ★ . Let Σ 6,q be a 6-space of PG(8, q) that contains the 5-space Σ ∞ = g, g q , g q 2 ∩ PG(8, q), then the Bruck-Bose setting is constructed as I BB = I Bose ∩ Σ 6,q , and g is a transversal line of the Bruck-Bose spread S.
There are three cases, which we label to be consistent with Result 3.2.
Case [T1]. SupposeT is a point ofC, so by Result 3.2,C + + + ∩ ℓ ∞ = {T ,Q} withT =Q. In the PG(8, q
3 ) Bose setting, consider the point Q ∈ Γ, as Q / ∈ π, Q has orbit size 3 under c π . ∩ ℓ ∞ = {P ,Q},P =Q. We work in the transversal plane Γ of the Bose spread. As P, Q ∈ Γ\π, P, Q both have orbit size 3 under c π . As P, Q ∈ C + + + , the four distinct points P cπ , P
π lie in C + + + . As P, Q ∈ g and g is not a line of π, the four points P cπ , P 
π ∈ C + + + ∩ g for some i = 0, 1, 2}, so we only need consider the six π-scroll-planes, P π ,
Case [T3] . SupposeT / ∈ C, and thatC
) decomposes into a k-dim nrc N k and a linear component at infinity. So in this case, N k meets Σ ∞ in three points, so either k = 3 or k = 6 and each point in N k ∩ Σ ∞ is a repeated point. If k = 3, then N k lies in a 3-space Σ whose extension contains the extended spread plane P, P q , P q 2 . The 3-space Σ corresponds to a line of PG(2, q 3 ) which contains q affine points ofC, a contradiction. Hence V([C]) is a 6-dim nrc. That is, the points of the Bruck-Bose set [C] form a 6-dim nrc. 
. . , 5}, so we only need consider the six π-scroll-planes, P c i π π , i = 0, . . . , 5. As P
∞ consists of the six points {P, P q , P q 2 , P q 3 , P q 4 , P q 5 }. So by Theorem 3.4, the variety V([C]) is a 6-dim nrc, that is, the points of [C] form a 6-dim nrc.
Full details of how these nrcs meet Σ ∞ follow from the proof of Theorem 4.3.
Corollary 4.4 LetC be an F q -conic in a tangent F q -subplaneπ of PG(2, q 3 ), letT = ℓ ∞ ∩π. In the exact-at-infinity Bruck-Bose representation in PG(6, q), we have the following. ∞ in six points {P, P q , P q 2 , Q, Q q , Q q 2 }, where P, Q ∈ g, possibly repeated, or possibly in g ★ \g, in which case Q = P q 3 .
F q -conics in an F q -subplane exterior to ℓ ∞
The final case is an F q -conic in an exterior F q -subplane, and we show this corresponds in the Bruck-Bose representation to a 3-dim or 6-dim nrc, and determine how these nrcs meet Σ ∞ . A coordinate based proof was given in [7] . Here we give a geometric proof, moreover, the description in Corollary 4.6 is a stronger result than that in [7] . Proof LetC be an F q -conic in an exterior F q -subplaneπ of PG(2, q 3 ) and letc π be as defined in (1) . Denote the (π, ℓ ∞ )-carriers byĒ,Ēc π ,Ēc 2 π , such thatĒ,Ēc π ∈ ℓ ∞ . We work in the Bose representation, so the line at infinity ℓ ∞ corresponds to a line g of the transversal plane Γ of the regular 2-spread S. Let Σ 6,q be a 6-space of PG(8, q) that contains the 5-space Σ ∞ = g, g q , g q 2 ∩ PG(8, q), we use the Bruck-Bose setting I BB = I Bose ∩ Σ 6,q . There are three cases to consider, depending on howC meets ℓ ∞ . We label the cases to be consistent with Result 3.2. ) is a 6-dim nrc that meets Σ ★ ∞ in the six points {P, P q , P q 2 , P q 3 , P q 4 , P q 5 }, where P ∈ g ★ \g.
We can describe in detail how
Corollary 4.6 LetC be an F q -conic in an exterior F q -subplaneπ of PG(2, q 3 ) and letĒ,Ēc π ∈ ℓ ∞ be (π, ℓ ∞ )-carriers ofπ. In the exact-at-infinity Bruck-Bose representation in PG(6, q) we have the following.
IfC
where R ∈ h, and R is not contained in an extended spread plane.
OtherwiseC
+ + + meets ℓ ∞ in two points,P ,Q, which are not (π, ℓ ∞ )-carriers, possibly repeated, possible in the quadratic extension. In this case V([C]) is a 6-dim nrc N 6 of PG(6, q). Further N 6 ✩ meets Σ ✩ ∞ in six points {P, P q , P q 2 , Q, Q q , Q q 2 }, where P, Q ∈ g, possibly repeated, or possibly in g ★ \g, in which case Q = P q 3 .
Proof Part 2 is proved in the proof of Theorem 4.5. Consider part 1, whereC 
Asπ is exterior to ℓ ∞ , C is exterior to ℓ ∞ . Hence V([C]) contains q +1 affine points, so these are the points of N 3 , and so N 3 is disjoint from Σ ∞ . Hence N ✩ 3 ∩ Σ ✩ ∞ is three points which are contained in h ∪ h q ∪ h q 2 . As N ✩ 3 meets one of these lines, it meets all three, that is, let N
. We first show that R is not a T-point. Suppose R = E, then R, R q , R q 2 = E, E q , E q 2 , and so the 3-space containing N 3 meets Σ ∞ in the spread plane
∞ contains exactly the lines h, h q , h q 2 , which are not contained in the plane E, E q , E q 2 , a contradiction. So R = E, and similarly R = (E cπ ) q 2 . Hence R is not a T-point. The point R lies in the T-plane E π which contains the line h. By [10, Lemma 3.3] R lies on a unique T-plane, hence R does not lie on an extended spread plane.
For the interested reader, we observe that in [6] and [7] , we use the line g C = E cπ E q . In this article, we have the line h = E(E cπ ) q 2 . So the relationship between these two notations is h = g q 2 C .
F q -conics using the usual Bruck-Bose convention
As noted in Remark 2.2, the usual convention is that the Bruck-Bose representation is not necessarily exact at infinity. That is, we do not usually include lines or planes contained in Σ ∞ in our description. So, ignoring the linear component of V([C]) (which lies in Σ ∞ or an extension), we have the following result.
5 Defining 3-special normal rational curves in PG(6, q)
We aim to characterise which nrcs of PG(6, q) correspond to F q -conics. To this end, we define the notion of a 3-special nrc in relation to a regular 2-spread S in a hyperplane of PG(6, q). We assume throughout that q ≥ 8, so that there is a unique 6-dim nrc through any nine points of PG(6, q), no seven in a hyperplane.
Definition 5.1 Let S be a 2-regular spread in PG(5, q) embedded in PG(5, q 6 ). Let σ ∈ PΓL(6, q 6 ) be the collineation σ : X = (x 0 , . . . , x 5 ) → X q = (x q 0 , . . . , x q 5 ). Let P be a point in PG(5, q 6 ).
1. The weight of P , denoted w(P ), is defined to be:
• w(P ) = 1 if P lies in one of the (extended) transversal lines of S;
• w(P ) = 2 if w(P ) = 1 and P lies on a line that meets two of the (extended) transversal lines of S; • w(P ) = 3 otherwise. 2. The orbit-size of P , denoted o(P ), is the size of the orbit of P under the collineation σ. 3. Let s(P ) = 1 if P lies in an extended plane of S, otherwise s(P ) = 2. 4. The point P is called an S-happy point if w(P ) × o(P ) = 3s(P ).
Note that if P ∈ PG(5, q), then o(P ) = 1; if P ∈ PG(5, q 3 )\PG(5, q), then o(P ) = 3; if P ∈ PG(5, q 6 )\PG(5, q 3 ), then either o(P ) = 2 or o(P ) = 6. Moreover, if P ∈ PG(5, q 3 ) lies on one of the transversal lines g of the regular 2-spread S, then o(P ) = 3, and if P ∈ g ★ \g, then o(P ) = 6. Definition 5.2 Let PG(6, q) have hyperplane at infinity Σ ∞ and let S be a regular 2-spread in Σ ∞ . Let N r , r ≤ 6, be an r-dim nrc of PG(6, q) not contained in Σ ∞ . The curve N r meets Σ ∞ in r points, denoted {P 1 , . . . , P r } (possibly repeated or in an extension). We say N r is 3-special (with respect to S) if w(P 1 ) + · · · + w(P r ) = 6 and each P i is S-happy.
We next look at an r-dim 3-special nrc N r and determine the possibilities for r. In each case we describe the points P 1 . . . , P r , noting any relationship with the transversal lines of the regular 2-spread S.
Theorem 5.3 Let PG(6, q) have hyperplane at infinity Σ ∞ and let S be a regular 2-spread in Σ ∞ with transversal lines g, g q , g q 2 . Then an r-dim 3-special nrc N r in PG(6, q) is one of the following. Proof Let N r be an r-dim 3-special nrc in PG(6, q), and let K = {K 1 , . . . , K r } denote the points of N r at infinity, possibly repeated, possibly in an extension. As N r is fixed by the collineation σ ∈ PΓL(6, q 6 ) with σ : X → X q , the set K is fixed by σ. That is, if P ∈ K, then P q , . . . , P q 5 ∈ K, possible repeated, so o(P ) divides 6. We consider the possibilities for S-happy points in K.
r = 6 and N
Suppose A ∈ K has w(A) = 1. So without loss of generality, either A ∈ g, in which case s(A) = 1 and o(A) = 3; or A ∈ g ★ \g, in which case s(A) = 2 and o(A) = 6. Both these possibilities satisfy w(A)o(A) = 3s(A), so both give S-happy points. Suppose B ∈ K has w(B) = 2. The point B is S-happy if 2o(B) = 3s(B), that is, if s(B) = 2 and o(B) = 3. As s(B) = 2, without loss of generality we have B is S-happy if B ∈ XY q for some X = Y ∈ g, B = X, Y q Suppose C ∈ K has w(C) = 3. The point C is S-happy if 3o(C) = 3s(C), so there are two possibilities. Firstly, if o(C) = s(C) = 1, then C ∈ PG(5, q). Secondly, if o(C) = s(C) = 2, then C ∈ PG(5, q 6 )\PG(5, q 3 ), C is not in an extended transversal line, and the orbit of C is {C, C q }. In summary, we have five possible point orbits for an S-happy point in K:
, C is not in an extended transversal line.
We now consider how we can combine these possible orbits of S-happy points to satisfy w(K 1 ) + · · · + w(K r ) = 6. If r = 6, then the six points K 1 , . . . , K 6 are either two sets of type (a) orbits, giving case 1 of the result; or one type (b) orbit, giving case 2 of the result. If r = 5, then there is no way to combine orbits of points of type (a),. . . ,(e) to get five points whose weights sum to 6. If r = 4, then the only way to combine orbits of type (a),. . . ,(e) to get four points whose weights sum to 6 gives K = {T, P, P q , P q 2 }, with T type (d), and P type (a). If T ∈ P, P q , P q 2 , then the plane P, P q , P q 2 meets N 4 in four points, contradicting N 4 being a 4-dim nrc. This gives case 3 of the result. If r = 3, then we need an orbit of type (c), giving case 4 of the result. If r = 2, then there are two possibilities: either two points of type (d), giving case 5 of the result; or one orbit of type (e), giving case 6 of the result. The case r = 1 cannot occur as no point has weight 6. Hence the six cases outlined in the statement of the result are the only possibilities.
6 Characterising F q -conics in the Bruck-Bose representation
The main result of this section is Theorem 6.6, which gives one unifying characterisation of the nrcs of PG(6, q) that correspond to F q -conics as the 3-special nrcs. For the remainder of this section, [C] is a k-dim nrc of PG(6, q), and we denote the unique extension of this k-dim nrc to a k-dim nrc of PG(6, q 3 ) and PG(6, q 6 ) by [C] ✩ and [C] ★ respectively.
F q -conics
First we prove that an nrc of PG(6, q) corresponding to an F q -conic is 3-special in the sense of Definition 5.2.
Proof LetC be an F q -conic in the F q -subplaneπ of PG(2, q 3 ). We consider the three cases whereπ is secant, tangent and exterior to ℓ ∞ separately. We label the cases to be consistent with Result 3.2.
First suppose that ℓ ∞ is a secant ofπ. There are two cases to consider, depending on whether 
∞ , they do not lie in an extended spread plane and so s(K) = s(K q ) = 2. As K, K q lie on a line in the extension of N 2 , they lie in a quadratic extension of Σ ∞ , so over Σ ★ ∞ , they have orbit size 2. Hence K, K q are S-happy, and their weights sum to six, so N 2 is a 3-special 2-dim nrc. Now suppose ℓ ∞ is a tangent ofπ, there are three cases to consider. Case [T1]. Supposē T = ℓ ∞ ∩π ∈C. As ℓ ∞ is not a line ofπ, ℓ ∞ is not a tangent ofC. HenceC 
Hence each of the six points are S-happy, and the weights sum to six. Hence N 6 is a 3-special 6-dim nrc.
By Corollary 4.4 and Corollary 4.7, [C] is 6-dim nrc N 6 whose extension meets Σ ∞ in the points {P, P q , P q 2 , P q 3 , P q 4 , P q 5 }, where P ∈ g ★ \g. We have w(P q i ) = 1, o(P q i ) = 6 and s(P q i ) = 2 for i = 1, . . . , 6. Hence the weights add to six, and each P q i is S-happy. Hence N 6 is a 3-special 6-dim nrc. 
cπ , R not a T-point and R not in an extended spread plane. So w(R) = 2, o(R) = 3 and s(R) = 2, hence R and similarly R q , R q 2 are S-happy. So N 3 is 3-special.
Case [E2]. SupposeC
. Then by Corollary 4.6 and Corollary 4.7, [C] is a 6-dim nrc N 6 , whose extension meets Σ ∞ in the six points {P, P q , P q 2 , Q, Q q , Q q 2 } where P, Q ∈ g (possibly repeated). For i = 1, 2, 3 we have
By Corollary 4.6 and Corollary 4.7, [C] is a 6-dim nrc N 6 , whose extension meets Σ ∞ in the six points {P, P q , P q 2 , P q 3 , P q 4 , P q 5 }, where P ∈ g ★ \g. We have w(P q i ) = 1, o(P q i ) = 6 and s(P q i ) = 2 for i = 1, . . . , 6. Hence the weights sum to six, and each P q i is S-happy. Hence N 6 is a 3-special 6-dim nrc.
3-special nrcs
If N r is a 3-special nrc in PG(6, q), then by Theorem 5.3 there are four possibilities for r, namely r = 2, 3, 4, 6. The next four lemmas look at each of these possibilities, and shows that in each case N r corresponds to an F q -conic in the corresponding Bruck-Bose plane PG(2, q 3 ).
Lemma 6.2 In PG(6, q), let S be a regular 2-spread in the hyperplane at infinity Σ ∞ . Let N 6 be a 3-special 6-dim nrc in PG(6, q), then N 6 corresponds to an F q -conic of PG(2, q 3 ).
Proof In PG(6, q), let S be a regular 2-spread in the hyperplane at infinity Σ ∞ , and let g, g q , g q 2 be the three transversal lines of S. We will use a notation in PG(6, q) that is consistent with our Bruck-Bose notation. That is, an affine point of PG(6, q)\Σ ∞ is denoted [A] , and corresponds to an affine point of PG(2, q 3 ) denoted byĀ. Further, a plane of the regular 2-spread S is denoted by [X] , and corresponds to a pointX ∈ ℓ ∞ , which also corresponds to the point X on the transversal line g where
Let N 6 be a 3-special 6-dim nrc in PG(6, q), then by Theorem 5.3, parts 1 and 2, N 6 meets Σ ∞ in six points {X,
The points X, Y correspond in PG(2, q 3 ) to points on ℓ ∞ denotedX,Ȳ respectively, and either (i)X =Ȳ ∈ ℓ ∞ , (ii)X,Ȳ ∈ ℓ ∞ are distinct, or (iii)X,Ȳ lie in the quadratic extension PG(2, q 6 ) of PG(2, q 3 ), and they are conjugate with respect to this quadratic extension.
We first show that we can choose three affine points We now show that the two pointsX,Ȳ are not in the secant F q -subplaneᾱ. Supposē X ∈ᾱ, soX ∈ PG(2, q We now show that in each of the three possible cases (outlined above) for the pointsX,Ȳ , the five pointsĀ,B,C,X,Ȳ lie on a unique F q 3 -conic of PG(2, q 3 ). Case (i) supposeX =Ȳ , then the four pointsĀ,B,C,X are no three collinear, hence they lie in a unique F q 3 -conic of PG(2, q 3 ) that is tangent to ℓ ∞ at the pointX. Case (ii) supposeX,Ȳ ∈ ℓ ∞ are distinct, then asĀ,B,C,X,Ȳ are five points of PG(2, q 3 ), no three collinear, they lie in a unique F q 3 -conic of PG(2, q 3 ). Case (iii) supposeX,Ȳ lie in PG(2, q 6 )\PG(2, q 3 ), then the five points A,B,C,X,Ȳ lie in a unique F q 6 -conic of PG(2, q 6 ). As the pointsX,Ȳ are conjugate with respect to the quadratic extension from PG(2, q 3 ) to PG(2, q 6 ), this F q 6 -conic meets PG(2, q 3 ) in an F q 3 -conic of PG(2, q 3 ). Thus in each case, the five points {Ā,B,C,X,Ȳ } lie on a unique F q 3 -conic of PG(2, q 3 ) which we denoteŌ.
Similar to [8, Lemma 5 .1], we can show that the three pointsĀ,B,C lie on a unique F q -conic C that is contained inŌ (that is,C + + + =Ō). Denote the F q -subplane containingC byπ. We now consider three cases depending on whether ℓ ∞ is secant, tangent or exterior toπ. In each case we either reach a contradiction, or deduce that N 6 = [C], and so N 6 corresponds to an F q -conic inπ.
Case 1: suppose thatπ is secant to ℓ ∞ . There is a unique F q -subplane secant to ℓ ∞ containing the three non-collinear pointsĀ,B,C, soπ =ᾱ. That is,C is an F q -conic in a secant 
★ , X b is a 4-space of PG(6, q 6 ) that contains six points of N 3 ) to the F q -conicC.
In summary, the only possibilities forπ are given in Cases 2b) and 3b). In each case we show that N 6 corresponds in PG(2, q 3 ) to the F q -conicC ⊂π. That is, a 3-special 6-dim nrc of PG(6, q) corresponds to an F q -conic of PG(2, q 3 ).
Lemma 6.3
In PG(6, q), let S be a regular 2-spread in the hyperplane at infinity Σ ∞ . Let N 4 be a 3-special 4-dim nrc in PG(6, q), then N 4 corresponds in PG(2, q 3 ) to an F q -conic contained in a tangent F q -subplane.
Proof In PG(6, q), let S be a regular 2-spread in the hyperplane at infinity Σ ∞ , and let g, g q , g q 2 be the transversals of S. We use a notation in PG(6, q) that is consistent with our Bruck-Bose notation, as described in the first paragraph of the proof of Lemma 6.2.
Let N 4 be a 3-special 4-dim nrc in PG(6, q), so by Theorem 5.3 ✩ being a 6-dim nrc. Hence this case cannot occur.
In summary, the only possibility forπ is that described in case 2(a), whereπ is tangent to ℓ ∞ andX T ∈π. Hence if N 4 is a 3-special 4-dim nrc in PG(6, q), then N 4 corresponds in PG(2, q 3 ) to the F q -conic C, andπ is tangent to ℓ ∞ .
Lemma 6.4 In PG(6, q), let S be a regular 2-spread in the hyperplane at infinity Σ ∞ . Let N 3 be a 3-special 3-dim nrc in PG(6, q), then N 3 corresponds in PG(2, q 3 ) to an F q -conic contained in an exterior F q -subplane.
Let N 3 be a 3-special 3-dim nrc in PG(6, q). By Theorem 5.3, there are distinct points
We first show that we can choose three affine points , we can show that the three pointsĀ,B,C lie on a unique F q -conicC that is contained inŌ (that is,C + + + =Ō). Denote the F q -subplane containingC byπ. We consider three cases depending on whetherπ is secant, tangent or exterior to ℓ ∞ . In each case we either reach a contradiction, or deduce that N 3 = [C], and so N 3 corresponds to an F q -conic inπ.
Case 1: supposeπ is secant to ℓ ∞ . In this case we haveC ∩ ℓ ∞ = ∅ andC + + + ∩ ℓ ∞ = {X,Ȳ } ⊂ PG(2, q 3 ). This contradicts Result 3.2 which shows that ifC lies in a secant F q -subplane and C ∩ ℓ ∞ = ∅, then the intersection of C + + + with ℓ ∞ lies in PG(2, q 6 )\PG(2, q 3 ). Hence this case cannot occur. In summary, the only possibility is that described in case 3(a). Thus if N 3 is a 3-special 3-dim nrc in PG(6, q), then N 3 corresponds in PG(2, q 3 ) to an F q -conic contained in an exterior F q -subplane.
Lemma 6.5 In PG(6, q), let S be a regular 2-spread in the hyperplane at infinity Σ ∞ . Let N 2 be a 3-special 2-dim nrc in PG(6, q), then N 2 corresponds in PG(2, q 3 ) to an F q -conic contained in an F q -subplane secant to ℓ ∞ .
Proof In PG(6, q), let S be a regular 2-spread in the hyperplane at infinity Σ ∞ . By Theorem 4.1, an F q -conic in a secant F q -subplane corresponds to a 2-dim nrc. Let N 2 be a 3-special 2-dim nrc in PG(6, q). As there is a direct isomorphism between secant F q -subplanes of PG(2, q 3 ) and planes of PG(6, q)\Σ ∞ that meet Σ ∞ in a line not contained in a spread plane, N 2 corresponds to an F q -conic of a secant F q -subplane.
Main Characterisation
Theorem 6.6 Let PG(6, q) have hyperplane at infinity Σ ∞ and regular 2-spread S in Σ ∞ . Let N r , r ≤ 6, be an r-dim nrc. Then N r corresponds via the Bruck-Bose representation to an F q -conic of PG(2, q 3 ) if and only if N r is 3-special.
Proof LetC be an F q -conic of PG(2, q 3 ). Then by Lemma 6.1, [C] is a 3-special nrc of PG(6, q). Conversely, let N r be a 3-special nrc in PG(6, q). By Theorem 5.3 there are four possibilities for r, namely 2, 3, 4, 6. Lemmas 6.2, 6.3, 6.4, and 6.5 show that in each of these cases, N r corresponds to an F q -conic in PG(2, q 3 ).
Conclusion
We have the following two known characterisations of F q -conics in PG(2, q 2 ) and PG(2, q 3 ) via the Bruck-Bose representation in PG(4, q) and PG(6, q) respectively.
1. [9] Let PG(4, q) have hyperplane at infinity Σ ∞ and regular 1-spread U in Σ ∞ . Let N r , r ≤ 4, be an r-dim nrc, so N r meets Σ ∞ in r points P 1 , . . . , P r , possibly repeated, possibly in an extension. We say a point P ∈ PG(4, q 4 ) has weight w(P ) = 1 is P lies on an extended transversal line of the regular 1-spread U; otherwise, w(P ) = 2. The nrc N r is called 2-special with respect to U if w(P 1 ) + . . . + w(P r ) = 4. It is shown that a nrc N r corresponds via the Bruck-Bose representation to an F q -conic of PG(2, q 2 ) if and only if N r is 2-special with respect to U. 2. (Theorem 6.6) Let PG(6, q) have hyperplane at infinity Σ ∞ and regular 2-spread S in Σ ∞ . Let N r , r ≤ 6, be an r-dim nrc. Then N r corresponds via the Bruck-Bose representation to an F q -conic of PG(2, q 3 ) if and only if N r is 3-special with respect to S.
We conjecture that this can be generalised to characterise F q -conics of PG(2, q n ) in the BruckBose representation in PG(2n, q), using a regular (n − 1)-spread denoted S. See [2, 19] for more details on this representation. In particular, we conjecture that a normal rational curve N k in PG(2n, q) corresponds via the Bruck-Bose representation to an F q -conic of PG(2, q n ) if and only if N k is n-special. The definition of n-special is conjectured to be a generalisation of Definitions 5.1 and 5.2, with the following generalisations: for a point P ∈ PG(n, q n ), w(P ) = i if P does not have weight any integer less than i, and P lies in an (i − 1)-space that meets i transversal lines of S; a point P is S-happy if w(P ) × o(P ) = n × s(P ); and N k is n-special if the k points of N k at infinity are S-happy, and their weights sum to 2n.
